Multivariable analysis, University of Groningen

f U — R™"withU C R". Differentiable wrt:th elementif following limit
exists:

1
D;f(a) =lim —(f(a1,...,a; + h,...;a,) — fa,...,a,))
h—0 h
D1 fi(a) ... Dnfi(a)
Jacobian of f = (fy,..., fin): Jf(a) = [Dif(a) .. Duf(a)] = : : where
lem(a) anm(a)
D1 f(a) part.derivative wrt first element, D fi(a) (and so on) found by eq. above.
f diff at a = all partial derivatives of f at a exists.Note: in practice &
f differentiable at a € U and L derivative f at a (Df(a))if 3IL : R™ — Rlinear s.t.
lim — (f(a + h) — f(a) — L(h)) = 0.
h—0 |h|
(a+hv)—f(a)

. . . . . f
Directional derivative of v at a lim .
h—0

MVT [a,b] C Uthen3c € [a,b]s.t. f(b) — f(a) = (Df(c))(b—a)
all partial derivatives f at a exists
fdiff ata € U = ( fcont. ata

all directional derivatives at a exists in directionv : Df(a)v

Usefull examples:
S(A) = A? = DS(A)(H) = AH + HA
f(A)= A1 = Df(A)(H) = —A'HA™"

fis-ooy fm : U — Rdiff at a, then f diff at a with (Df(a))v =

Dfi(a)v ]

D fn(a)v
{vi,..., v} span VitV € Vv = 3" a;v;. {v1,...,v,} basis Vif span lin.indep.

Lin. Transformation7 : V — W : T(avy, + bvy) = aT'(vy) + 0T (ve) Va,b € R,Yv,v9 €V

Let {vy,...,v,tand {v],..., v, } bases of V. sim. {wy, ..., w,}and {w),...,w,} of W.

m
T, matrix of T : V. — W wrt basesvandw. WithT,, = > t; yw.
i=1

p1,1 .- Pln
Def. v; = p1v1 + ...+ Pnivn. Then Change of basis matrix is Py, = [ Dol }

Pn,1 -+ Pn,n
Tyw =Pt TowPy . LetT : V — V, with eig. (v, \). #\ = dim{v|Tv = \v}.
Basis for complex V' is called eigenbasis of V forT" : V' — V' if each element basis is

eigenvector 1.

Let Aben x nand P = [vy, ... ,v,]invertible, then1) 0(A) = o (P~ A)

2)vy,. .., v, eigenbasis C" of A < P diagonalizes A.
AV — V, withoq,...,v,eigenv. of Awith distinct real eigenvalues, then vy, ..., vy lin.
independent.
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Multivariable analysis, University of Groningen

A € C™". Then exists eigenbasis C" for A < eigenvalues A simple (so mult. is 1)
UCR" f:U— R™diff. onU. Want to findzs.t. f(x) = 0.
Newton method: has initial guess z, solve iteratively:
T = x; = (Df(2;)) " f ;)
(D f(x)) satisfies Lipschitz conditionon V' C U with Lipschitz ratio M if
Va,y € Vi [(Df(2)) = (Df(y))|" < Mz —y|
If D, f is itself diff. then second partial derivativeis derivative of D; f wrt jso D;(D; f).

Kantorovich’s theorem: 7, € RY, U open. neigh. xgand f : U — R™ diff., D f(x¢) invertible.
ho = —(Df(x0)) ' f(x0) #1=a0+ho Up= Bjy|(0)
IfU; C Uand der. D f(x) satisfies Lipschitz condition Yu,, us € U; and

| f(z0)||Df (zo) HPM < %

Then f(x) = Osolution in U; and newton method converges within. guess zo.

Function Strictly monotone if Vo < yone has either f(x) < f(y) (increasing) OR f(x) >
f(y) (decreasing).
Let f : R" — R".
Inverse function theorem 1D: n =1, s0 f : [a,b] — [¢, d] continuous with
f(a) = ¢, f(b) = dwith f strictly monotone on [a, b] then

flaw) =y Vye€led

-)3g : [¢,d] = [a,b] continuous s.t. g(f(2) =z Vrelab

= ginverse

function f
-)can find g(y) by solvingy — f(z) for x by bisection method.

-) fdiff atx € (a,b) and f/'(x) # 0 = gdiff at f(z)and ¢'(f(z)) = f,%x)

Inverse function theorem f cont. diff,D f(z¢)invert. Then f locally invertible with
diff. inverse in some neighb.U,,. Working definition: if D f invertible, mapping
locally invertible.In practice, check by determinant Jacobian.

Implicit function: function of the form f(z1,...,z,) =0

The Implicit function theorem U C R"open,c € U, f : U — R" *beC's.t. f(c)
0, Df(c)is onto?=>system of lin. equations (D f(c))(z) = Ohasn — k passive
and k active variables. FExists neighb. ofcin which f = Oimplictly definesn —
k passive variables as a functoin g of the k— active variables.
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Graph: f : R* — R* % given by '(f) = {(z,y) € R"|f(x) = y}.
Manifold: M C R"is Smooth k-dim. if locally it is the graph of a C' mapping f :
R* — R"~* Working definition: object where derivative is well-defined.

Locus of function f : X — Yis{x € X|f(z) =0}

U € Ropen, f : U — R"*beCl. Def. M Cc R" : M NU = {z € U|f(z) =
0}.Df(z)is onto Vz € M NU = M NUisSmooth k-dim. manifold embedded
inR". If holdsVz € M in such U, then M is k-dim. manifold.

M smooth k— dim. manifold embedded inR" := Vz € M, has neighb.U € R" :
ACY: f: U — R *with Df(2)onto and M NU = {z € MNU|f(z) =0}

M C R™k-dim. manifold, U C R®open, f : U — R™be C! which derivative is sur-
jective at every pointx € f~1(M). Then f~!(M) submanifold of R" of dim. k +n —m.

g:R" - R" : g(xr) = Az + cwithAinv. If M C R"is smooth k-dim. mani-
fold = g(M)is smooth k-dim. manifold.

Parameterization k— dim. manifold M C R” mapping~y : U C R¥ — M satisfies:

1) U open

2) vis C', one-to-one” and onto M.

3) D, (u)is one-to-oneVu € U.

M C R"bek— dim. Tangent space to M at zy = (zg, yo) denoted T3, M is graph of lin.
transf. D f(zo).

(2 = f(x,y)and (a,b,c) € S

tangent liney = g(a) + ¢'(a)(x — a) & y—b
angent spacedy = ¢'(a)dz Tangent spacedz = Df(a,b) d:z:
\ Y

U C Ropen,F : U — R"* € C'. IfF(z) = Odescribes manifold M, DF(z)is
onto for some zg € M, then T, M € ker(D f(z))

k

Taylor polynomial multivariable: p} ,(a+h) = > > £D;f(a)h’!
m=0IeZm

u € U critial pointif D f(u) = Othen f(u) critical value.
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u € Ulocal minimum/maximum = D f(u) = 0.
f of class C?, g crit. point. If f”(xq) > 0 then zq strict local minimum of f.

u critical point, fof C%, thenQy, : R™ = Rs.t. Qru(h) := > %!(“)hl
I€1?

Quadratic form innvariables: Q(z) = > asz!. Matrix of Q Q4(z) = 27 Az
I1€72
{Quadratic forms inn variables} +» {A € Mat(n,n) : AT = A}
Q), Q' areequivalent if 35 € Mat(n, n) nonsing. s.t. Q' (z) = Q(Sx)
Q, Q' with A, A’ then Q, Q' equivalent if 35 : A’ = STAS
i=1
Hubbard theorem:
-)VQ,3S € Mat(n,n)s.t. Q(Sz) is diag.
-) Signature (k, ) withk = #{a; : a; > 0}and #{a; : a; < 0}is same for all diag.
matrices.

Rankk + 1 < n. @Qisnon-degenerateifk + [ = n. Equiv. Ais nonsing. Other-
wise () Degenerate.uis Saddleifk, [ > 0.

Let Q, Q' be non-deg. with equal sign. Then @, Q' are equiv. as quadratic forms:

Q' (z) = Q(Sx) for some S € GL(n,R) Hessian matrix Matrix (), multiplied by 2.
Hubbard props:

1) f of class C?, w crit. point, then

-) Q. positive definite (i.e. Q(z) > 0,Vz # 0) = wuis strict local min.

-) Q.. negative definite (i.e. Q(x) < 0,Vx # 0) = uis strict local max.

2) U,V C R™open,C? mapping (V,40) 2 (U, x) ER R supp. g crit. point f then:

-) yo crit. point f o ¢

-)T = Dy(yo) invertible = signature yo equals sign. zg.

3) f € C*(U,R)ifu € Usaddle= Vneighb. V ofu, Ja,b € Vs.t. f(a) < f(u) < f(b).

n-th order ODE: F(t,x,...,2™) = 0.explicit form: 2™ = f(¢,..., 2V)
Explicit n-th order ODEs transformed into system n first oder ODEs:

ul x Ul ug
u‘n I(n_l) Q.I:?‘l f(tvul 7777 u")

z(t) = (21(t), ..., z,(t))T initial condition value at in. time (to) given by z¢ = x(to)
Particular solution: solution satisfying init. condi. general: solution n-th order
ODE;, contains n param.Complete: all particular solutions can be obtain. by general.
Singular: part. solution not obtained from general.
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x* equilibrium pointsif f(z*) = 0, solution ODE. Phase space Space X C
R™where sol. defined. & = f(z),Vx € X. The set of all vel. vector isvector
field.. Curve tangent to vector field: integral curve.. Set of all integral curves: flow

(t,z) € U C R x R". IfU,open f : U — R"continuous, then U extended phase-
space f time dep. vector field, = f(t,x)is nonautonomous
U=RxU,UCR"open, f(t,z) = f(a:) = ODE autonomous.

Diff.¢ : I — R™, I C Rsol. if

araph(9) := {(t, 6l € Y U 52 = fto(m)m e 1

Time dep. vector field f : U — R" satisf.
Global Lipschitz L € Rif||f(¢,z0) — f(t,21)|| < Llxzg — x1|| (¢, 2;) € U,i =0,1

Local Lipschitz cond. V(T,z) € U, exists neighb. V' C Us.t. f|, satisfies global
Lipschitz in V for L = L(t,z) € R

Paeno theorem existence solutions IVP:
f:U = R"cont = V(ty, z0) € U, FAL > Osmall and sol. ¢ : [ty — At, to + At] — RY of
ODE & = f(t, x) satisfying ¢(to) = 0.
Uniqueness solutions IVP:
& = f(t,z). Solution ¢(t) to IVP is uniq.if 2 sol. ¢; : I — R", ¢y : [ — R™ conincide
on the interval I = I; N I
Picard Lindelof, uniq. of sol. IVP
If f: U — RV satisfy. Lip. cond inU = V(tg, z0) € U,Je > 0s.t.
&= f(t,x),z(ty) = xohas unique solution ¢ : [ty —e,ty + ] — R".
In proof, Banach’s fixed point theorem: (M, d) complete MS, f: M — M s.t.
d(f(q), f(p)) < kd(q,p),¥Yq,p € M with0 < k < 1. Then f uniq. fixed pointpy € M :
f(po) = po, f(p) =p=p=po.
Lemma:
f U — R"cont. diff = lip. cond. satisfied on every compact & convex
V CUwith L := sup ||D.f(t,z)]|
(t,x)eV
Theorem:
fsatisfies Lipschitz in U = ¥(to, zo) € U ex. neighb. V' C U and interval

I, =[—¢c,elst.p: . xV = U : (s, (to,z0)) — ¢(to + s)sol. to IVP cont. mapping.

& = Ax then sol. z(t) = exp(tA)z(0).
Uty oo oy Upgy Wy e v oy Wy Uty -+« Uy, EEN. €ig. associated to theng, n,, n.eigenv. with
negative,positive,zero real parts. E° = span{vy,...,v,_ }, E" = span{uy, ..., up,}
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E°¢ = span{wy, ..., w,, }are stable, unstable, center subspaces.

A € R"™"isHyperbolicifRe(\) # 0,V\ € o(A)theni = Ax,z*also hyperbolic.
ind(A) sum algeb. multip. of eigenvalues A with neg. real part.

& = Az hyperbolic = 3! decomp. R" = E* P E", both invariant under flow. ¢|g, LmiaN origin,
and ¢|p, —— origin. dim(E*) = ind(A)
A, Bhyperbolic. dtime direction preserving homeomorphism,h : R — R” mapping
solutions system A to sol. system B < A, Bsame index. l.e. systemstopologically
equiv.
Seperation of variables:
i = g(x)f(t)withg : U - R € C% f:V — R € C° Then IVP has unique local sol.

t

obtained by solving [ 5 = [ f(t)dt for z as func.t.
xo to

& = A(t)x,Fundamental matrix M(t) n x nmatrix, with columns lin. indep.

sol IVP.Principal fundamental matrix M (¢y) = . If A(¢) constant, then

M = [Ny ... eM,]. M(t) fundamental = nonsingular = M(t) = A(t)M(t).
Sox(t) = M(t)M~*(t)zg solves TVP.

Variation of constants:
& = A(t)x + b(t), M(¢t) principal fund. matrixi = A(t)z. Ass. M(t)c(t) general solu-
tion inhomogoneous system. After some algebra we get

x(t) = M(t) | cto) +/M_1(s)b(s)ds

¥1 = fi(zy, ..., zp)

& = f(z),z € R", so : . Map is C*-vector field. Another way:
Tp = folx1,...,2)

v:U—=UxR" zw— (z,f(z)) = v(x)

f = f(x) € C'. Def. ¢(x) :== (—¢,6) x U — R"flow of f through z(as unique

solution & = f(z), ¢o(z) = 0.

Proposition:

ODE i = f(x)autonomous. [t|,|s], |t + s| < &,= ¢rrs() = dr(ds(x)) = Ps(Pe(x))

Support of f = {z € R*|f(x) # 0}.Oscillation oscs(f) = Ma(f) — ma(f) =
sup f(z) — ingf(x).f bounded support: 3R > 0 : f(x) = Ofor |z| > R
z€A z€

Dyadic cubeCj, y = {x € R" Qk—N <z < k;#,l <1< n} N—

1A 2022-2023 Page 6



Multivariable analysis, University of Groningen

th dyadic paving ,of R” den. Dy (R") = {Cj y|N }.vol,C' = 2%
Lower and upper integral limit of Lower and upper sums

U(f) = lim Uy(f) = lim > Mc(f)vol,C = lim 2% > Mc(f)

N—o0 N—oo

L(f) = lim Ly(f) = lim > me(f)vol,C = lim ;Vn > me(f)

fIntegrableifU(f) = L(f) = [ fld"z| =U(f) = L(f).
Rn
f integ = Choose z, y € Cj,, consider R(f, N) = > vol,(Cyn)f(zxn). Since f ,bounded,

keZr
somg, v (f) < floen) < Mg, (f)so convergence.

fi(z)integ. onR™, fo(y)integ. on R™ = g(z,y) = fi(z) fo(y) integ. on R" ™ with
[ slaaliensl = (f laa) (sl

Rn+m

A C R"bounded, 1,integrable, thenvol,A := [ 14]|d"z|. Set ispavableif well-
]R’ﬂ

defined volume (141is integ.)

n—dim. paralel. P = I} x -+ x I, s.t. I; = [a;, b)) = vol,(P) = |by — aq| ... |b, — a,|

Let A,B C R",v C R",t € Rwith A, B disjoint both pavable.

1) vol, (AU B) = vol,,(A) + vol,(B). 2) A + vpavable,vol,(A + v) = vol,(A).3) A has

volume = vol,,(tA) = |t|"vol,(A).

X C R"bounded volume zero iff Ve > 0,INs.t. > vol,(C) <e
CeDy (R™)
CNX#D

f integrable < bnd with bnd support, Ve > 0, 3N : > vol,(C) < e
(CEDy ®Mosco (f)><}

fintegrable,I'(f) graph, Cy C R™ = vol,,.1(I'(f) N (Co x R)) =0

M C R™manifold of dim. k < n.¥YX C M bounded, vol,(X) = 0.

f,continuous and bnd support = integrable.

X C R",compact, f: X — Rcont. I'(f) C R"" has vol. 0. U C R", f : U — R cont.

thenvol,;1(Y) = OwhereY C I'(f) compact.

f bnd, bnd. support integrable < f cont. except on set of volume zero.

X C R" measure zeroVe > 0, Jinf. open boxes B; : X C UB;, > vol,(B;) < e.

1 — X; seq. set of measure 0 = UX; measure zero. fbnd, bnd supp. fintegralbe < cont.

except on set measure zero.

Fubini’s theorem f : R"xR™ — Rint. function. SupposeVz € R" y — f(x,y)int =

x '—>Rf f(z,y)|ld"y|integ. and [ f(z,y)|d"z||d"y] ZRf (Rf f(x,y)ldmm) |d"z|

]Rn-Hn
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T : R* — R"lin. trans. [T]ass. matrix. Then for any A C R"pavable =
T(A) pavable = vol,, T(A) = |det[T]|vol, A = |det[T]| | 1a|d"x].
N

R
k-paralellogram P(vy,...,v;) = {tjv1 + ... + t,0,]0 < t; < 1,v; € R"}.
unit n-dim. cube@, = P(ey,...,e,).Volume: vol,P(vy,...,v,) = |det[vy, ..., v,]
Theorem lin. change: 7T : R” — R"inv. lin trans, f: R™ — Rint.
= foTimne [ Sl = [T [ f(T()|d"s

Theorem nonlin. change: X C R” compact, 0X volume zero. X C U with U open.
¢ : U — R™ € Clinjective on X \ X and Lipschitz derivative, with [D¢(z)]inv.Vz €
X\ 0X. SetY = ¢(X). Then f : Y — Rinteg., (f o ¢)|det[D¢]|int. on X and

Jf(y)ld”y! = [(f o ¢)|det[Dg(x)]||d"x|

X

Prop:vi,...,v € RFst.T = [vg,..., 0] € RFF = vol, P(vy, ..., v0) = det(TTT)

T = [vy,...,v] € R k-dim volume P(vy, ..., v;)isvolpP(vy, ..., vp) := /det(TTT)
parallelogram inR” anchored atz € R"is P,(vy,...,v;) = VOlk (v1, V) =
volg Py (v, ..., k).

voli(X) = Ofor arbitrary X C R™if VR the bounded X C Bg(0) has k-dim. volume 0.
0<m<k<n IfM CRYis m-dim. manifold, X C M closed,vol,(X) = 0.

M C R"be k-dim. manifold,U C R¥ with boundary k— dim. volume 0.
Let X C Us.t.U \ Xopen. 7 : U — R"cont. parametrizes M if:
)M c ~(U)
Qv (U\X)C M
3)y: U\ X — M is one-to-one and C'.
4) Dv(u)is one-to-one,Yu € U \ X.
5) voli(X) = 0, volg(v(X) N C) =0, for C C M compact.
¢ def. domain in R" by U, we denote pair as[¢(U)].
Theorem: All manifolds can be parametrized.
Theorem M C R"smooth k-dim. U C R*, pavable, v : U — M parametrization,
X all bad points then:

1. volg:= / |d"z| = / (Jd*z| (P (D1y (), - . ., Dgy(w))) |d¥ul

(U\X) U\X
- / Vdet([Dy(uw)]T[Dy(u)])|d"u|
U\X
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2. f: M — RIntegrable over M wrt volume if

/f(w)ldkxl = / FOy(w)y/det([Dy(w)]7[Dy(w)])|d*ul

U\X

Exists. In particular Y C M s.t. 1,-1(y) integrable then

vl = [ 1y () VA Dr @ D3

U\X

M k-dim. manifold R”, f : M — R function, U,V C R¥. v, : U — M
Yo : V' — M parametrizations M then

/f(”h (u))\/det([Dy1(w)]T[Dyi (u)])|dFu|  exists iff

/f(ny(v))\/det([nyQ(v)}T[nyQ(v)])|dkv| exists = integrals equal

Constant k-form on R”function¢ : R" x...R" — Rtakesk— vectors, returns
—_———

k—times

number ¢(vy, . .., V) s.t. multi-linear (¢(vq, ..., autbw, ..., vp) = ad(v1, ..., u, ..., V%)+
bo(vy, ..., w,vx)) and antisymmetric (chaging 2 elements changes the sign). kis de-
gree of form.
a,b € R? = dz; A dzy(a,b) = det {al bl}.

22 b2
We notice dzy A dzy =signed area P(IL,, ,,(a), I, 4, (D))
dxi, A -+ Adxzg, on(vq,...,v)gives (z;,, ..., x; ) comp. of signed K—dim. volume

of k— parallelogram spanned by vy, ..., v;.

Elementary k-formdz; N ---Adz;, st.1 <4 <--- <1 <n.

Note: (p+10)(v1, ..., vk) = d(v1, ..., vp)+ Y (v1, . .., v) and (ad)(vy, . . ., vk) = a(Pp(vy, ..., vk))
AF(R™) space constant k-forms on R”. dim(A*(R")) = (}) n!

= Kl(n—k)!
El. cons. k-form, forms basis A*(R") every k-form uniquely written
Qb = Z ail...ikdxil FANKIRIIVAN dl’lk Wlth ail__ik = gb(eil, Ce ,eik)

1<iy<..<ip<n

Wedge product ¢ € AX(R")andy € AL(R")is

<¢ A w)(vla cee 7vk+l) = Z Sgn(0>¢(vo(l)7 R >/Ucr(k))w<va(k+1)a cee 7va(k+l))

oeperm(k,l)

witho(l) <...<o(k)ando(k+1) < ... <o(k+1)

1A 2022-2023 Page 9



Multivariable analysis, University of Groningen

PN (h1+12) = QA1+ AYa. (G1 AP2) NP3 = P1 A(d2 A d3). ¢ k-form,yp—I-form,
theng A = (—1)kyp A .
k-form fieldonU C R"is¢ : U — A¥(R™). Space: A*(U).

U C R™bounded open,vol,dU = 0. V C R"open,[¢(U)] param. domain inV. ¢a
k-field. Then integral of ¢ over [gb U)] is

/ / (P (D1 (), ... Dio(u)))| ¥
[o(U)]

Vfin. dim. real vector space, By set of bases,VV. OrientationVisQ2 : By —
{+1,—-1}. S.t. if {v}, {w} € By with matrix [Pwﬁv] then Q({w}) = sgn(det[P,_.])Q2({v}).
{u} € By directif Q({u}) = lLindirectif Q({u}) =
Orientation specified by {v} is Q{"}, i.e. orientation for which {v} is direct.Standard
orientation on R"is Q' by choosing standard basis as direct.
M C R"k-dim. man., B(M)) = {(z,v1,...,v5) € R*™ D1 witha € M, vy, ..., v basis T, M.
Bx (M) C B(M)s.t. first coordinate z, so B,(M) = {z} X Br,m
orientation k-dim. manifold M C R", is cont. B(M) — {+1, —1} whose restric-
tion to each B, (M) is orientation T, M.
U C R"open,f : U — R"* € C's.t [Df(z)]surjec. Vo € M := f~1(0). Then
Qvy,...,v) :=sgndet|V fi(z),...,Vf_k(x),v1,..., v orientation of M.
Lin. transT : R* — V isorientation (p)reservingif Q(T(e;),..., Ey)) = —1(+1)
v : U — R™ parametrize M. Then ~is orientation preserving if
Vu € (U\ X) : QDyy(u),...,Dpy(u)) = +1
M C R"k-dim. manifold, Uy, Uy C R¥,~, : U; — R" two param. M. Then
-) 71, Y2 are either both orientation preserving or both orientation reserving iff
Vu; € UPK with vy, (u1) = Y2 (ug) we havedet[D(v5 " o y1)(uy)] > 0.
-) for any k— form ¢ def. on neighb. of M [ ¢= [ ¢

[y1(U1)] [2(U2)]
M C R"k-dim. manifold,¢ k-form field on neighb M,y : U — M orientation pre-
serving parametrization of M. Then

/ o= [ o / oPyw(Dir (). Dy ()
()]
Let F = [F, ... F,]" then:
Work-form Wgz(P,(v)) = F(z) -v. Coordinates: Fydx + Fydy + Fsdz.

Flux form on vector field inR™is ¢ 5( Py (v1, ..., vp-1)) = det[F(z),v1, ..., vn_1]. Co-
ordinates: Gidy A dz — Godx N\ dz + Gzdx N dy
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Mass form M(P,(vq,...,v)) = f(x)det|vy,...,v;]. Coordinates: My = fdx A
dy N dz.

We can also integrate them:

Work of vector field F along oriented curve,C' and~y : [a,b] — C orientation
preserving param.

J W= [ WePwDrrwlan - / Flr(u) /()

[a,8] a

Flux vector field F over oriented surface S and ~v;U — Ss.t.U C R?orientation-
preserving param.

—

[ o5 = [ 6P (D@, Drtu)dtul = [ detlFr()). Dry(w). Do)l
S U

U

Integral M; (or integral f U,V C Ropen,y : U — V € C'standard orientation
preserving. If f : V' — R function then

/ M; = / M, (P (Dyr(), Doy (), Dyr(w))|

- / det[F(y(u)), Dyy(w), Dyy(u), Day(u)]|d*ul
U

M k-dim. man., X C M, 0y X = {x € M|Vneighb U, of z, points of X and points of M\
X}

r € Oy X Smooth point of boundary if Ineighb. V of z, unique C* func.g : V N
M — Rst.1)g(z) =02) XNV ={g > 0},3) [Dg(x)] : T. M — Ronto.

Smooth boundary of X 03, X set of all smooth points of boundary of X. (dim: k—1)
M C R"k-dimman. X C M. Piece with boundary of k—dim man. Mis X C
M compact s.t. vol,_1(05,X) < oo, volg_1 (O X \ 95,X) = 0.

r € X corner point of codim.mif3V, CR", g: VNM — R” € Cls.t.1)g(z) =
02) XNV = {g > 0},3)[Dg(z)] onto.Piece with corner: X ifVx € 0,,X corner
point.

Theorem: X C M k-dim. piece with boundary = vol(X) < oo
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M C R"man.X C M piece-with-boundary. = € 03,X, gcorresp.func. v tangent
to M at x then v points outward (inward) from(to) X if [Dg(z)]v < 0(> 0)
M k-dim.man., oriented by €2, P piece with boundary M. Letx € 03,P, vous € T. M,
then Q9 : B(T,0P) — {+1,—-1}by Q2(v1,...,vp_1) = Qu(Vout, V1, - - ., Vk_1) is orien-

tation on 95, P.prop: P,(v1, ..., v;)stand.orien.
k .
OP(v1, .. v5) = S (1) N Pryo, (V1,0 0y ooy 0k) — Po(vr, oo, 0iy ooy 0g)
i=1
Exterior derivative dg(FP, (v, ..., v541)) = }ILILI(I) e / o
OP; (hv1,....,hvi41)
We work withd¢ = > d(a;,,. ) ANdx, N\--- Ndz;,

1<i1 <<, <n
d(d(¢)) = 0,d(¢ AY) = dé Atp + (—1)F¢ A dp with ¢ k-form.
le — — DoF3—D3Fs . — —
gradf =V f = |Daf | ,curlFF =V X F' = [D3F1_D1F3] ydivF =V - F.
Dsf D1 Fo—Da Iy

df =Wos = Weraay, dWg = 0o, 5 = Geunp, Ao = My g = My

Af = (Di+ D3+ D3)(f) = divgradf

T :V — W lin.trans, ¢ const. k— form.Pullback by T'isT* : A¥(W) — A¥(V)s.t.

T'(on,.. - v5) = H(T(0n), .., T(x)

T :R" - R"withay,...,z, € R y1...,yn € R™. ThenT*(dy;, N -+ Ndy;,) =
> bji.. s dxj A+ -Adxj;, wiht b; ; taking the matrix T"with the iy, ..., i rows

1<ji < <jg<n

and 71, ..., jr columns and taking determinant.

okformY, f: X =Y € C' = (f*¢)(Pu(v1, ..., v1)) := ¢(Ppay ([Df ()], ..., [Df(x)]vg))

(go fyro=1"gd. [ oA =f(oAY). df¢ = fdo.

HAL= 22 2 al

i=1j=1

-----

2ontoi.e.surjectiveVy € R"* Iz € U : f(x) = y.
‘one-to-onei.e. injective f(z1) = f(xg) = 1 = 3

1A 2022-2023 Page 12



