
Multivariable analysis, University of Groningen

f : U → RmwithU ⊂ Rn. Differentiable wrt i th element if following limit
exists:

Dif(a) = lim
h→0

1

h
(f(a1, . . . , ai + h, . . . , an)− f(a1, . . . , an))

Jacobian of f = (f1, . . . , fm): Jf(a) = [D1f(a) ... Dnf(a) ] =

[
D1f1(a) ... Dnf1(a)

...
...

D1fm(a) ... Dnfm(a)

]
where

D1f(a) part.derivative wrt first element, D1f1(a) (and so on) found by eq. above.
f diff at a⇒ all partial derivatives of f at a exists.Note: in practice⇔
f differentiable at a ∈ U andL derivative f at a (Df(a)) if∃!L : Rn → R linear s.t.
lim
h→0

1
|h|(f(a+ h)− f(a)− L(h)) = 0.

Directional derivative of v at a lim
h→0

f(a+hv)−f(a)
h

MVT [a, b] ⊂ U then∃c ∈ [a, b] s.t. f(b)− f(a) = (Df(c))(b− a)

f diff at a ∈ U ⇒


all partial derivatives f at a exists

f cont. at a

all directional derivatives at a exists in direction v : Df(a)v
Usefull examples:
S(A) = A2 ⇒ DS(A)(H) = AH +HA
f(A) = A−1 ⇒ Df(A)(H) = −A−1HA−1.

f1, . . . , fm : U → R diff at a, then f diff at awith (Df(a))v =

[
Df1(a)v

...
Dfm(a)v

]
{v1, . . . , vn} spanV if∀v ∈ V, v =

∑
i aivi. {v1, . . . , vn} basisV if span lin.indep.

Lin. TransformationT : V → W : T (av1 + bv2) = aT (v1) + bT (v2) ∀a, b ∈ R, ∀v1, v2 ∈ V

Let {v1, . . . , vn} and {v′1, . . . , v′n} bases ofV . sim. {w1, . . . , wm} and {w′
1, . . . , w

′
m} ofW .

Tv,w matrix ofT : V → W wrt bases v andw. WithTvk =
m∑
i=1

tl,kwl.

Def. v′i = p1,iv1 + . . .+ pn,ivn. Then Change of basis matrix isPv′→v =

[ p1,1 ... p1,n

...
...

...
pn,1 ... pn,n

]
Tv′,w′ = P−1

w′→wTv,wPv′→v. LetT : V → V , with eig. (v, λ). #λ = dim{v|Tv = λv}.
Basis for complexV is called eigenbasis of V forT : V → V if each element basis is
eigenvectorT .

LetAben× n andP = [v1, . . . , vn] invertible, then 1)σ(A) = σ(P−1A)
2) v1, . . . , vn eigenbasisCn ofA⇔ P diagonalizesA.
A : V → V , with v1, . . . , vk eigenv. ofAwith distinct real eigenvalues, then v1, . . . , vk lin.
independent.
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A ∈ Cn×n. Then exists eigenbasisCn forA⇔ eigenvaluesA simple (so mult. is 1)
U ⊂ Rn, f : U → Rm diff. onU . Want to findx s.t. f(x) = 0.
Newton method: has initial guessx0, solve iteratively:

xi+1 = xi = (Df(xi))
−1f(xi)

(Df(x)) satisfiesLipschitz condition onV ⊂ U withLipschitz ratioM if

∀x, y ∈ V : |(Df(x))− (Df(y))|1 ≤M |x− y|

IfDif is itself diff. then second partial derivative is derivative ofDif wrt j soDj(Dif).

Kantorovich’s theorem:x0 ∈ RN , U open. neigh.x0 and f : U → Rn diff.,Df(x0) invertible.

h0 = −(Df(x0))
−1f(x0) x1 = x0 + h0 U1 = B|h0|(x0)

IfU1 ⊂ U and der.Df(x) satisfies Lipschitz condition∀u1, u2 ∈ U1 and

|f(x0)||Df(x0)−1|2M ≤ 1

2

Then f(x) = 0 solution inU1 and newton method converges with in. guessx0.

FunctionStrictly monotone if∀x < y one has either f(x) < f(y) (increasing) OR f(x) >
f(y) (decreasing).
Let f : Rn → Rn.

Inverse function theorem 1D: n = 1, so f : [a, b] → [c, d] continuous with
f(a) = c, f(b) = dwith f strictly monotone on [a, b] then

-)∃g : [c, d] → [a, b] continuous s.t.

{
f(g(y)) = y ∀y ∈ [c, d]

g(f(x)) = x ∀x ∈ [a, b]
⇒ g inverse

function f
-) can find g(y) by solving y − f(x) forx by bisection method.
-) f diff atx ∈ (a, b) and f ′(x) ̸= 0 ⇒ g diff at f(x) and g′(f(x)) = 1

f ′(x)

Inverse function theorem f cont. diff,Df(x0) invert. Then f locally invertible with
diff. inverse in some neighb.Ux0 . Working definition: ifDf invertible, mapping
locally invertible.In practice, check by determinant Jacobian.

Implicit function: function of the form f(x1, . . . , xn) = 0

The Implicit function theorem U ⊂ Rn open,c ∈ U, f : U → Rn−k beC1 s.t. f(c) =
0, Df(c) is onto 2⇒ system of lin. equations (Df(c))(x) = 0 hasn − k passive
and k active variables. Exists neighb. of c in which f = 0 implictly definesn −
k passive variables as a functoin g of the k− active variables.
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Graph: f : Rk → Rn−k given byΓ(f) = {(x, y) ∈ Rn|f(x) = y}.
Manifold:M ⊂ Rn isSmooth k-dim. if locally it is the graph of aC1mapping f :
Rk → Rn−k Working definition: object where derivative is well-defined.

Locus of function f : X → Y is {x ∈ X|f(x) = 0}

U ∈ Rn open, f : U → Rn−k beC1. Def.M ⊂ Rn : M ∩ U = {z ∈ U |f(z) =
0}.Df(z) is onto ∀z ∈ M ∩ U ⇒ M ∩ U isSmooth k-dim. manifold embedded
inRn. If holds∀z ∈M in suchU , thenM is k-dim. manifold.

M smooth k− dim. manifold embedded inRn :⇒ ∀z ∈ M , has neighb.U ∈ Rn :
∃C1 : f : U → Rn−k withDf(z) onto andM ∩ U = {z ∈M ∩ U |f(z) = 0}
M ⊂ Rm k-dim. manifold, U ⊂ Rn open, f : U → Rm beC1which derivative is sur-
jective at every pointx ∈ f−1(M). Then f−1(M) submanifold ofRn of dim. k+n−m.

g : Rn → Rn : g(x) = Ax + cwithA inv. IfM ⊂ Rn is smooth k-dim. mani-
fold⇒ g(M) is smooth k-dim. manifold.

Parameterization k− dim. manifoldM ⊂ Rnmapping γ : U ⊂ Rk →M satisfies:
1)U open
2) γ isC1, one-to-one 3 and ontoM .
3)Dγ(u) is one-to-one∀u ∈ U .
M ⊂ Rn be k− dim. Tangent space toM at z0 = (x0, y0) denotedTz0M is graph of lin.
transf.Df(x0).


y = g(x) any point inC (a, g(a))

tangent line y = g(a) + g′(a)(x− a)

Tangent space dy = g′(a)dx

&



z = f(x, y) and (a, b, c) ∈ S

Tangent plane z = c+Df(a, b)

[
x− a

y − b

]

Tangent space dz = Df(a, b)

[
dx

dy

]
U ⊂ Rn open,F : U → Rn−k ∈ C1. IfF (z) = 0 describes manifoldM,DF (z0) is
onto for some z0 ∈M , thenTz0M ∈ ker(Df(z0))

Let f : U → RwithU ⊂ Rn. Dif diff⇒ DiDjf = DjDif .

Taylor polynomial multivariable: pkf,a(a+ h) =
k∑

m=0

∑
I∈Im

n

1
I!
DIf(a)h

I

u ∈ U critial point ifDf(u) = 0 then f(u) critical value.
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u ∈ U local minimum/maximum⇒ Df(u) = 0.
f of classC2, x0 crit. point. If f”(x0) > 0 thenx0 strict local minimum of f .

u critical point, f ofC2, thenQf,u : Rn → R s.t.Qf,u(h) :=
∑
I∈I2

n

DIf(u)
I!

hI

Quadratic form inn variables:Q(x) =
∑
I∈I2

n

aIx
I . Matrix of QQA(x) = xTAx

{Quadratic forms inn variables} ↔ {A ∈ Mat(n, n) : AT = A}
Q,Q′ are equivalent if∃S ∈ Mat(n, n) nonsing. s.t.Q′(x) = Q(Sx)
Q,Q′withA,A′ thenQ,Q′ equivalent if∃S : A′ = STAS

Qdiag. ifQ(x) =
n∑

i=1

aix
2
i ⇐ Ai,i = ai.

Hubbard theorem:
-)∀Q, ∃S ∈ Mat(n, n) s.t.Q(Sx) is diag.
-)Signature (k, l)with k = #{ai : ai > 0} and#{ai : ai < 0} is same for all diag.
matrices.

Rank k + 1 ≤ n. Q isnon-degenerate if k + l = n. Equiv.A is nonsing. Other-
wiseQDegenerate.u isSaddle if k, l > 0.
LetQ,Q′ be non-deg. with equal sign. ThenQ,Q′ are equiv. as quadratic forms:
Q′(x) = Q(Sx) for someS ∈ GL(n,R)Hessian matrixMatrixQf,umultiplied by 2.
Hubbard props:
1) f of classC2, u crit. point, then
-)Qf,u positive definite (i.e.Q(x) > 0,∀x ̸= 0) ⇒ u is strict local min.
-)Qf,u negative definite (i.e.Q(x) < 0,∀x ̸= 0) ⇒ u is strict local max.

2)U, V ⊂ Rn open,C2mapping (V, y0)
φ−→ (U, x0)

f−→ R supp.x0 crit. point f then:
-) y0 crit. point f ◦ ϕ
-)T = Dφ(y0) invertible⇒ signature y0 equals sign.x0.
3) f ∈ C2(U,R) ifu ∈ U saddle⇒ ∀neighb.V ofu,∃a, b ∈ V s.t. f(a) < f(u) < f(b).

n-th order ODE:F (t, x, . . . , x(n)) = 0.explicit form:x(n) = f(t, . . . , x(n−1))
Explicit n-th order ODEs transformed into system n first oder ODEs:

u =

[ u1

...
un

]
=

[ x
...

x(n−1)

]
⇒ u̇ =

[ u̇1

...
u̇n

]
=

[ u2

...
f(t,u1,...,un)

]
x(t) = (x1(t), . . . , xn(t))

T .initial condition value at in. time (t0) given byx0 = x(t0)
Particular solution: solution satisfying init. condi. general: solution n-th order
ODE, contains n param.Complete: all particular solutions can be obtain. by general.
Singular:part. solution not obtained from general.
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x∗ equilibrium points if f(x∗) = 0, solution ODE. Phase spaceSpaceX ⊂
Rnwhere sol. defined. ẋ = f(x),∀x ∈ X. The set of all vel. vector isvector
field.. Curve tangent to vector field: integral curve.. Set of all integral curves:flow

(t, x) ∈ U ⊂ R × Rn. IfU ,open f : U → Rn continuous, thenU extended phase-
space f time dep. vector field, ẋ = f(t, x) isnonautonomous
U = R× Ũ , Ũ ⊆ Rn open, f(t, x) = f̃(x) ⇒ODEautonomous.
Diff.ϕ : I → Rn, I ⊆ R sol. if

graph(ϕ) := {(t, ϕ(t))|t ∈ I} ⊂ U
dϕ

dt

∣∣∣∣
t=τ

= f(t, ϕ(τ)), τ ∈ I

Time dep. vector field f : U → Rn satisf.

Global Lipschitz L ∈ R if ∥f(t, x0)− f(t, x1)∥ ≤ L|x0 − x1∥ (t, xi) ∈ U, i = 0, 1

Local Lipschitz cond. ∀(T, x) ∈ U , exists neighb.V ⊆ U s.t. f |V satisfies global
Lipschitz inV forL = L(t, x) ∈ R

Paeno theorem existence solutions IVP:
f : U → Rn cont⇒ ∀(t0, x0) ∈ U,∃∆t > 0 small and sol.ϕ : [t0−∆t, t0+∆t] → RN of
ODE ẋ = f(t, x) satisfyingϕ(t0) = x0.
Uniqueness solutions IVP:
ẋ = f(t, x). Solutionϕ(t) to IVP is uniq.if 2 sol.ϕ1 : I1 → Rn, ϕ2 : I2 → Rn conincide
on the interval I = I1 ∩ I2
Picard Lindelof, uniq. of sol. IVP
If f : U → RN satisfy. Lip. cond inU ⇒ ∀(t0, x0) ∈ U,∃ε > 0 s.t.
ẋ = f(t, x), x(t0) = x0 has unique solutionϕ : [t0 − ε, t0 + ε] → Rn.
In proof, Banach’s fixed point theorem: (M,d) complete MS, f :M →M s.t.
d(f(q), f(p)) ≤ kd(q, p),∀q, p ∈ M with 0 ≤ k < 1. Then f uniq. fixed point p0 ∈ M :
f(p0) = p0, f(p) = p⇒ p = p0.
Lemma:
f : U → Rn cont. diff⇒ lip. cond. satisfied on every compact & convex
V ⊆ U withL := sup

(t,x)∈V
∥Dxf(t, x)∥

Theorem:
f satisfies Lipschitz inU ⇒ ∀(t0, x0) ∈ U ex. neighb.V ⊂ U and interval
Iε = [−ε, ε] s.t.ϕ : Iε × V → U : (s, (t0, x0)) 7→ ϕ(t0 + s) sol. to IVP cont. mapping.

ẋ = Ax then sol.x(t) = exp(tA)x(0).
v1, . . . , vns , w1, . . . , wnc , u1, . . . , unu gen. eig. associated to thens, nu, nc eigenv. with
negative,positive,zero real parts. Es = span{v1, . . . , vns}, Eu = span{u1, . . . , unu}

1A 2022-2023 Page 5



Multivariable analysis, University of Groningen

Ec = span{w1, . . . , wnc} are stable, unstable, center subspaces.

A ∈ Rn×n isHyperbolic if Re(λ) ̸= 0,∀λ ∈ σ(A) then ẋ = Ax, x∗ also hyperbolic.
ind(A) sum algeb. multip. of eigenvaluesAwith neg. real part.

ẋ = Ax hyperbolic⇒ ∃! decomp.Rn = Es
⊕

Eu, both invariant under flow. ϕ|Es

t→∞−−−→ origin,

andϕ|Eu

t→−∞−−−−→ origin. dim(Es) = ind(A)
A,B hyperbolic. ∃ time direction preserving homeomorphism,h : Rn → Rnmapping
solutions systemA to sol. systemB⇔ A,B same index. I.e. systems topologically
equiv.
Seperation of variables:
ẋ = g(x)f(t)with g : U → R ∈ C0, f : V → R ∈ C0. Then IVP has unique local sol.

obtained by solving
x∫

x0

dx
g(x)

=
t∫

t0

f(t)dt forx as func. t.

ẋ = A(t)x,Fundamental matrix M(t)n× nmatrix, with columns lin. indep.
sol IVP.Principal fundamental matrixM(t0) = I. IfA(t) constant, then
M =

[
eλ1tv1 . . . eλntvn

]
. M(t) fundamental⇒nonsingular⇒ Ṁ(t) = A(t)M(t).

Sox(t) =M(t)M−1(t0)x0 solves IVP.

Variation of constants:
ẋ = A(t)x + b(t),M(t) principal fund. matrix ẋ = A(t)x. Ass.M(t)c(t) general solu-
tion inhomogoneous system. After some algebra we get

x(t) =M(t)

c(t0) + t∫
t0

M−1(s)b(s)ds



ẋ = f(x), x ∈ Rn, so

ẋ1 = f1(x1, . . . , xn)
...

ẋn = fn(x1, . . . , xn)

. Map isCk-vector field. Another way:

v : U → U × Rn, x 7→ (x, f(x)) =: v(x)
f = f(x) ∈ C1. Def.ϕt(x) := (−ε, ε) × U → Rn flow of f through x0 as unique
solution ẋ = f(x), ϕ0(x) = x0.
Proposition:
ODE ẋ = f(x) autonomous. |t|, |s|, |t+ s| < ε,⇒ ϕt+s(x) = ϕt(ϕs(x)) = ϕs(ϕt(x))

Support of f = {x ∈ Rn|f(x) ̸= 0}.Oscillation oscA(f) =MA(f)−mA(f) =
sup
x∈A

f(x)− inf
x∈A

f(x).f bounded support:∃R > 0 : f(x) = 0 for |x| > R

Dyadic cubeCk,N =
{
x ∈ Rn| ki

2N
≤ xi <

ki+1

2N
, 1 ≤ i ≤ n

}
. N−

1A 2022-2023 Page 6



Multivariable analysis, University of Groningen

th dyadic paving ,ofRn den.DN(Rn) = {Ck,N |N}.volnC = 1
2Nn

Lower and upper integral limit ofLower and upper sums

U(f) = lim
N→∞

UN(f) = lim
N→∞

∑
C∈DN

MC(f)volnC = lim
N→∞

1

2Nn

∑
C∈Dn

MC(f)

L(f) = lim
N→∞

LN(f) = lim
N→∞

∑
C∈DN

mC(f)volnC = lim
N→∞

1

2Nn

∑
C∈Dn

mC(f)

f Integrable ifU(f) = L(f) ⇒
∫
Rn

f |dnx| = U(f) = L(f).

f integ⇒Choosexk,N ∈ Ck,n considerR(f,N) =
∑

k∈Zn

voln(Ck,N)f(xk,N). Since f ,bounded,

somCk,N
(f) ≤ f(xk,N) ≤MCk,N

(f) so convergence.

f1(x) integ. onRn, f2(y) integ. onRm ⇒ g(x, y) = f1(x)f2(y) integ. onRn+mwith∫
Rn+m

g|dnx||xmy| =
(∫
Rn

f1|dnx|
)( ∫

Rm

f2|dmy|
)

A ⊂ Rn bounded, 1A integrable, then volnA :=
∫
Rn

1A|dnx|. Set ispavable if well-

defined volume (1A is integ.)
n− dim. paralel.P = I1 × · · · × In s.t. Ii = [ai, bi] ⇒ voln(P ) = |b1 − a1| . . . |bn − an|
LetA,B ⊂ Rn, v ⊂ Rn, t ∈ RwithA,B disjoint both pavable.
1) voln(A ∪ B) = voln(A) + voln(B). 2)A+ v pavable,voln(A+ v) = voln(A).3)Ahas
volume⇒ voln(tA) = |t|nvoln(A).
X ⊂ Rn bounded volume zero iff∀ε > 0,∃N s.t.

∑
C∈DN (Rn)
C∩X ̸=∅

voln(C) ≤ ε

f integrable⇔ bnd with bnd support, ∀ε > 0,∃N :
∑

{C∈DN (Rn)|oscC(f)>ε}
voln(C) < ε

f integrable,Γ(f) graph, C0 ⊂ Rn ⇒ voln+1(Γ(f) ∩ (C0 × R)) = 0
M ⊂ Rnmanifold of dim. k < n.∀X ⊂M bounded, voln(X) = 0.
f ,continuous and bnd support⇒ integrable.
X ⊂ Rn,compact, f : X → R cont. Γ(f) ⊂ Rn+1 has vol. 0. U ⊂ Rn, f : U → R cont.
then voln+1(Y ) = 0whereY ⊂ Γ(f) compact.
f bnd, bnd. support integrable⇔ f cont. except on set of volume zero.
X ⊂ Rn,measure zero∀ε > 0,∃ inf. open boxesBi : X ⊂ ∪Bi,

∑
voln(Bi) ≤ ε.

i 7→ Xi seq. set of measure 0⇒ ∪Ximeasure zero. f bnd, bnd supp. f integralbe⇔ cont.
except on set measure zero.
Fubini’s theorem f : Rn×Rm → R int. function. Suppose∀x ∈ Rn, y 7→ f(x, y) int⇒

x 7→
∫
Rm

f(x, y)|dmy| integ. and
∫

Rn+m

f(x, y)|dnx||dmy| =
∫
Rn

( ∫
Rm

f(x, y)|dmy|
)
|dnx|
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T : Rn → Rn lin. trans. [T ] ass. matrix. Then for anyA ⊂ Rn pavable⇒
T (A) pavable⇒ volnT (A) = |det[T ]|volnA = |det[T ]|

∫
RN

1A|dnx|.

k-paralellogramP (v1, . . . , vk) = {t1v1 + . . .+ tnvn|0 ≤ ti ≤ 1, vi ∈ Rn}.
unit n-dim. cubeQn = P (e1, . . . , en).Volume: volnP (v1, . . . , vn) = |det[v1, . . . , vn]|.
Theorem lin. change:T : Rn → Rn inv. lin. trans, f : Rn → R int.
⇒ f ◦ T int.&

∫
Rn

f(y)|dny| = |detT |
∫
RN

f(T (x))|dnx|

Theorem nonlin. change:X ⊂ Rn compact, ∂X volume zero. X ⊂ U withU open.
ϕ : U → Rn ∈ C1 injective onX \ ∂X and Lipschitz derivative, with [Dϕ(x)] inv.∀x ∈
X \ ∂X. SetY = ϕ(X). Then f : Y → R integ., (f ◦ ϕ)|det[Dϕ]| int. onX and∫
Y

f(y)|dny| =
∫
X

(f ◦ ϕ)|det[Dϕ(x)]||dnx|

Prop: v1, . . . , vk ∈ Rk,s.t.T = [v1, . . . , vk] ∈ Rk×k ⇒ volkP (v1, . . . , vk) =
√
det(T TT )

T = [v1, . . . , vk] ∈ Rn×k k-dim volumeP (v1, . . . , vk) is volkP (v1, . . . , vk) :=
√

det(T TT )
parallelogram inRn anchored at x ∈ Rn isPx(v1, . . . , vk) ⇒ volkP (v1, . . . , vk) =
volkPx(v1, . . . , vk).
volk(X) = 0 for arbitraryX ⊂ Rn if∀R the boundedX ⊂ BR(0) has k-dim. volume 0.
0 ≤ m < k ≤ n. IfM ⊂ RN is m-dim. manifold, X ⊂M closed,volk(X) = 0.

M ⊂ Rn be k-dim. manifold,U ⊂ Rk with boundary k− dim. volume 0.
LetX ⊂ U s.t.U \X open. γ : U → Rn cont. parametrizesM if:
1)M ⊂ γ(U)
2) γ(U \X) ⊂M
3) γ : U \X →M is one-to-one andC1.
4)Dγ(u) is one-to-one,∀u ∈ U \X.
5) volk(X) = 0, volk(γ(X) ∩ C) = 0, forC ⊂M compact.
ϕ def. domain inRn byU , we denote pair as [ϕ(U)].
Theorem:All manifolds can be parametrized.
TheoremM ⊂ Rn smooth k-dim. U ⊂ Rk, pavable, γ : U → M parametrization,
X all bad points then:

1. volk : =

∫
γ(U\X)

|dkx| =
∫

U\X

(
|dkx|(Pγ(u)(D1γ(u), . . . , Dkγ(u)))

)
|dku|

=

∫
U\X

√
det([Dγ(u)]T [Dγ(u)])|dku|
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2. f :M → R Integrable overM wrt volume if∫
M

f(x)|dkx| :=
∫

U\X

f(γ(u))
√

det([Dγ(u)]T [Dγ(u)])|dku|

Exists. In particularY ⊂M s.t.1γ−1(Y ) integrable then

volkY =

∫
U\X

1Y (γ(u))
√
det([Dγ(u)]T [Dγ(u)])|dku|

M k-dim. manifoldRn, f :M → R function, U, V ⊂ Rk. γ1 : U →M
γ2 : V →M parametrizationsM then∫

U

f(γ1(u))
√
det([Dγ1(u)]T [Dγ1(u)])|dku| exists iff

∫
V

f(γ2(v))
√

det([Dγ2(v)]T [Dγ2(v)])|dkv| exists ⇒ integrals equal

Constant k-form onRn functionϕ : Rn × . . .Rn︸ ︷︷ ︸
k−times

→ R takes k− vectors, returns

numberϕ(v1, . . . , vk) s.t. multi-linear (ϕ(v1, . . . , au+bw, . . . , vk) = aϕ(v1, . . . , u, . . . , vk)+
bϕ(v1, . . . , w, vk)) and antisymmetric (chaging 2 elements changes the sign). k is de-
gree of form.

a, b ∈ R3 ⇒ dx1 ∧ dx2(a, b) = det

[
a1 b1
22 b2

]
.

We notice dx1 ∧ dx2 =signed areaP (Πx1,x2(a),Πx1,x2(b))
dxi1 ∧ · · · ∧ dxik on (v1, . . . , vk) gives (xi1 , . . . , xik) comp. of signedK− dim. volume
of k− parallelogram spanned by v1, . . . , vk.
Elementary k-form dxi1 ∧ · · · ∧ dxik s.t. 1 ≤ i1 < · · · < ik ≤ n.
Note: (ϕ+ψ)(v1, . . . , vk) = ϕ(v1, . . . , vk)+ψ(v1, . . . , vk) and (aϕ)(v1, . . . , vk) = a(ϕ(v1, . . . , vk))
Ak

c (Rn) space constant k-forms onRn. dim(Ak
c (Rn)) = ( n

k ) =
n!

k!(n−k)!

El. cons. k-form, forms basisAk
c (Rn) every k-form uniquely written

ϕ =
∑

1≤i1<...<ik≤n

ai1...ikdxi1 ∧ · · · ∧ dxik with ai1...ik = ϕ(ei1 , . . . , eik)

Wedge productϕ ∈ AK
c (Rn) andψ ∈ Al

c(Rn) is

(ϕ ∧ ψ)(v1, . . . , vk+l) :=
∑

σ∈perm(k,l)

sgn(σ)ϕ(vσ(1), . . . , vσ(k))ψ(vσ(k+1), . . . , vσ(k+l))

withσ(1) < . . . < σ(k) andσ(k + 1) < . . . < σ(k + l)
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ϕ∧ (ψ1+ψ2) = ϕ∧ψ1+ϕ∧ψ2. (ϕ1∧ϕ2)∧ϕ3 = ϕ1∧ (ϕ2∧ϕ3). ϕ k-form,ψ− l-form,
thenϕ ∧ ψ = (−1)klψ ∧ ϕ.
k-form field onU ⊂ Rn isϕ : U → Ak

c (Rn). Space: Ak(U).

U ⊂ Rn bounded open,volk∂U = 0. V ⊂ Rn open,[ϕ(U)] param. domain inV . ϕ a
k-field. Then integral of ϕ over [ϕ(U)] is∫

[ϕ(U)]

ϕ :=

∫
U

ϕ(Pϕ(u)(D1ϕ(u), . . . , Dkϕ(u)))|dku|

V fin. dim. real vector space, BV set of bases,V . OrientationV is Ω : BV →
{+1,−1}. S.t. if {v}, {w} ∈ BV with matrix [Pw→v] thenΩ({w}) = sgn(det[Pw→v])Ω({v}).
{u} ∈ BV direct if Ω({u}) = 1.indirect if Ω({u}) = −1.
Orientation specified by {v} is Ω{v}, i.e. orientation for which {v} is direct.Standard
orientation onRn is Ωst by choosing standard basis as direct.
M ⊂ Rn k-dim. man., B(M)) =

{
(x, v1, . . . , vk) ∈ Rn(k+1)

}
withx ∈M, v1, . . . , vk basisTxM .

BX(M) ⊂ B(M) s.t. first coordinatex, soBx(M) = {x} × BTxM

orientation k-dim. manifoldM ⊂ Rn, is cont.B(M) → {+1,−1}whose restric-
tion to eachBx(M) is orientationTxM .
U ⊂ Rn open,f : U → Rn−k ∈ C1 s.t [Df(x)] surjec.∀x ∈M := f−1(0). Then
Ω(v1, . . . , vk) := sgn det[▽f1(x), . . . ,▽fn−k(x), v1, . . . , vk] orientation ofM .
Lin. transT : Rk → V isorientation (p)reserving if Ω(T (e1), . . . , Ek)) = −1(+1)
γ : U → Rm parametrizeM . Then γ is orientation preserving if
∀u ∈ (U \X) : Ω(D1γ(u), . . . , Dkγ(u)) = +1
M ⊂ Rn k-dim. manifold, U1, U2 ⊂ Rk, γi : Ui → Rn two param.M . Then
-) γ1, γ2 are either both orientation preserving or both orientation reserving iff
∀ui ∈ UOK

i with γ1(u1) = γ2(u2)we have det[D(γ−1
2 ◦ γ1)(u1)] > 0.

-) for any k− formϕ def. on neighb. ofM
∫

[γ1(U1)]

ϕ =
∫

[γ2(U2)]

ϕ

M ⊂ Rn k-dim. manifold,ϕ k-form field on neighbM ,γ : U → M orientation pre-
serving parametrization ofM . Then∫

M

ϕ =

∫
[γ(U)]

ϕ =

∫
U

ϕ(Pγ(u)(D1γ(u), . . . , Dkγ(u)))|dku|

Let F⃗ =
[
F1 . . . Fn

]T
then:

Work-form WF⃗ (Px(v)) = F⃗ (x) · v. Coordinates:F1dx+ F2dy + F3dz.

Flux form on vector field inRn isϕF⃗ (Px(v1, . . . , vn−1)) = det[F⃗ (x), v1, . . . , vn−1]. Co-
ordinates: G1dy ∧ dz −G2dx ∧ dz +G3dx ∧ dy
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Mass form Mf (Px(v1, . . . , vk)) = f(x) det[v1, . . . , vk]. Coordinates: Mf = fdx ∧
dy ∧ dz.

We can also integrate them:

Work of vector field F⃗ along oriented curve,C and γ : [a, b] → C orientation
preserving param.

∫
C

WF⃗ =

∫
[a,b]

WF⃗Pγ(u)(D1γ(u))|du| =
b∫

a

F⃗ (γ(u)) · γ′(u)du

Flux vector field F⃗ over oriented surface S and γ;U → S s.t.U ⊂ R2 orientation-
preserving param.∫
S

ϕF⃗ =

∫
U

ϕF⃗ (Pγ(u)(D1γ(u), D2γ(u)))|d2u| =
∫
U

det[F⃗ (γ(u)), D1γ(u), D2γ(u)]|d2u|

IntegralMf (or integral f U, V ⊂ R3 open,γ : U → V ∈ C1 standard orientation
preserving. If f : V → R function then∫

V

Mf =

∫
U

Mf (Pγ(u)(D1γ(u), D2γ(u)), D2γ(u))|d3u|

=

∫
U

det[F⃗ (γ(u)), D1γ(u), D2γ(u), D3γ(u)]|d3u|

M k-dim. man.,X ⊂M , ∂MX = {x ∈M |∀neighbUx ofx, points ofX and points ofM\
X}
x ∈ ∂MX Smooth point of boundary if ∃ neighb.V ofx, uniqueC1 func. g : V ∩
M → R s.t.1) g(x) = 0 2)X ∩ V = {g ≥ 0},3) [Dg(x)] : TxM → R onto.
Smooth boundary ofX ∂sMX set of all smooth points of boundary ofX. (dim: k−1)
M ⊂ Rn k-dim.man. X ⊂ M . Piece with boundary of k− dim man.M isX ⊂
M compact s.t. volk−1(∂

s
MX) <∞, volk−1(∂MX \ ∂sMX) = 0.

x ∈ X corner point of codim.m if∃Vx ⊂ Rn, g : V ∩M → Rm ∈ C1 s.t. 1) g(x) =
0 2)X ∩ V = {g ≥ 0},3) [Dg(x)] onto.Piece with corner:X if∀x ∈ ∂MX corner
point.
Theorem:X ⊂M k-dim. piece with boundary⇒ volk(X) <∞
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M ⊂ Rnman.X ⊂ M piece-with-boundary. x ∈ ∂sMX, g corresp.func. v tangent
toM atx then v points outward (inward) from(to)X if [Dg(x)]v < 0(> 0)
M k-dim.man., oriented byΩ, P piece with boundaryM . Letx ∈ ∂sMP, vout ∈ TxM ,
thenΩ∂ : B(Tx∂P ) → {+1,−1} byΩ∂

x(v1, . . . , vk−1) := Ωx(vout, v1, . . . , vk−1) is orien-
tation on ∂sMP .prop:Px(v1, . . . , vk) stand.orien.

∂Px(v1, . . . , vk) =
k∑

i=1

(−1)i−1(Px+vi(v1, . . . , v̂i, . . . , vk)− Px(v1, . . . , v̂i, . . . , vk)

Exterior derivativedϕ(Px(v1, . . . , vk+1)) = lim
h→0

1
hk+1

∫
∂Px(hv1,...,hvk+1)

ϕ

We work withdϕ =
∑

1≤i1<···<ik≤n

d(ai1,...,ik) ∧ dxi1 ∧ · · · ∧ dxik

d(d(ϕ)) = 0,d(ϕ ∧ ψ) = dϕ ∧ ψ + (−1)kϕ ∧ dψwithϕ k-form.

gradf = ▽f =

[
D1f
D2f
D3f

]
, curlF⃗ = ▽× F⃗ =

[
D2F3−D3F2
D3F1−D1F3
D1F2−D2F1

]
, divF⃗ = ▽ · F⃗ .

df = W▽f = Wgradf ,dWF⃗ = ϕ▽×F⃗ = ϕcurlF⃗ ,dϕF⃗ =M▽·F⃗ =MdivF⃗

△f := (D2
1 +D2

2 +D2
3)(f) = div gradf

T : V → W lin.trans, ϕ const. k− form.Pullback by T isT ∗ : Ak
c (W ) → Ak

c (V ) s.t.
T ∗ϕ(v1, . . . , vk) := ϕ(T (v1), . . . , T (vk))
T : Rn → Rmwithx1, . . . , xn ∈ Rn, y1 . . . , ym ∈ Rm. ThenT ∗(dyi1 ∧ · · · ∧ dyik) =∑
1≤j1<···<jk≤n

bj1,...,jkdxj1∧· · ·∧dxjk wiht bj1,...,jk taking the matrixT with the i1, . . . , ik rows

and j1, . . . , jk columns and taking determinant.
ϕ k-formY, f : X → Y ∈ C1 ⇒ (f ∗ϕ)(Px(v1, . . . , vk)) := ϕ(Pf(x)([Df(x)]v1, . . . , [Df(x)]vk))
(g ◦ f)∗ϕ = f ∗g∗ϕ, f ∗ϕ ∧ f ∗ψ = f ∗(ϕ ∧ ψ). df ∗ϕ = f ∗dϕ.

1 |A| =
√

n∑
i=1

m∑
j=1

a2ij

2 onto i.e. surjective∀y ∈ Rn−k,∃x ∈ U : f(x) = y.
3one-to-one i.e. injective f(x1) = f(x2) ⇒ x1 = x2
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